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This is a continuation of the previous paper [lo] and will determine the 
Schur subgroups of some real cyclotomic fields, using the results and tech- 
niques obtained there. Namely, for any natural number n which is not a 
prime power, we will determine the Schur subgroup of the maximal real 
subfield Q(tn + &‘) of the field Q(&J of n-th roots of unity, where Q is the 
field of rationals (Theorems 1 and 1’). We also determine the Schur subgroup 
of a real quadratic field Q(mrl”), w h ere m is a product of distinct two primes 
(Theorems 2 and 3). Combined with results of [IO], we notice the following 
fact. Let n be a prime or a product of distinct two primes and let K = Q(&“). 
If n is not divisible by any prime 4 = 3(mod 4), then every class of Br(k) with 
uniformly distributed invariants with values 0 or l/2 does belong to S(K), but, 
if n is divisible by some prime 4 = 3(mod 4), then the elements of S(K) are 
only those which are induced from S(Q). 
We will maintain the notation and terminology of [LO]. Let k be a cyclotomic 
field over Q. Let p be a rational prime (possibly the rational infinite prime cc). 
If the number of the primes p of k lying above p is even, then J2( p) will 
denote the class of Br(k) with invariant l/2 at the primes p and 0 elsewhere. 
Let K be a cyclotomic field over Q and k a subfield of K. Let p be any prime 
of k lying above p. When p is unramified in K/k, we will say that p is un- 
ramified in K/k. Similarly, the inertia group and a Frobenius automorphism 
of p in K/k will be called, respectively, the inertia group and a Frobenius 
automorphism of p in K/k, etc. Let k be a quadratic extension of Q with 
discriminant d. It is wellknown that k is a subfield of Q([i,l). 
* The preparation of this paper was supported in part by NSF Grant GP-29068, 
while the author was a research associate at Oregon State University. 
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1. S(k) FOR k = Q({, -+ <,I) 
THEOREM 1. Let n = 2ah, a > 2, h > 1, (2, h) = 1. Let k = Q({, + 5;‘). 
Then the Schur subgroup S(k) consists of the classes of Br(k) which have zcniformly 
distributed invariants with values 0 or l/2 such that for a j&e ~~tio~~~~~~~e p, 
the p-local &variant is 0 whenever p / n, and whenever p f n, f is even, pf 1% + - I 
(mod n) and pfi2 s &l (mod 27, where f is th e smaillest positive iztegev such 
that pf = I (mod n). 
Pa~oj. Since 2 j [k : Q], the number of the infinite primes of k is even. 
We will show that the class sZ( 00) belongs to S(k). Let q be a prime dividing n. 
It is easy to see that q is unramified in Q({Jk. Hence the ramification index 
of q in k/Q is even. Denote by D,,, the quaternion algebra central over 
which has invariant l/2 at co and q and 0 elsewhere. Then the class [II,,,] 
in S(Q) and so [Dm,q go k] is in S(k). But it is clear that Q,(W) = [II,,, @ho k]. 
Let p be a finite rational prime with ( p, n) = 1. tf = fp be the smahest 
positive integer with pf GE 1 (mod n.). Let [Q(&J : = fg. Then 2 I g, and 
if f is odd then 4 1 g. Let f’ = f,’ be the residue class degree of p in k/Q and 
g’ = gp’ the number of the primes of k lying above p. We will prove that, 
iff is odd, or iff is even and pfJ2 s -1 (mod n), or, if f is even, pf12 + --I 
(mod z) and pflz f h-1 (mod 2’3 then 2 1 g’ and the class G?(p) belongs to 
S(k). This implies that every class of Br(k) which satisfies the conditions of 
the theorem belongs to S(k). Suppose first that f is odd. Then 2~s’ and 
2 1 g’, and so by the same reason as in the case of p = ok, the class 5?(p) 
belongs to S(k). 
Suppose next that f is even and pf fi = - 1 (mod E). Then p is inertial in 
Q(&J/k, and so 2 1 g’. Set K = Q({, , 5,). Then K = Q(<,) . k([,) and 
$?(5,i_I:k(S,) = k. Let p~(K/Q(s’,)) = (0 ad y(Klk(5,)) = Cc>. Set 
t,t - ~L#f = - 1 and h,- = h,2 = 1. Then these elements satisfy the 
equations [IO, (1.9)-( 1.12)] and so give rise to a cyclotomic algebra over k: 
9-2 1 
B = (c, K/k) = c Ku,% .‘) 
i=* j=o 
u$L, = -uu< ) 
9-l i?Q = UL2 = 1. 
The inertia group of p in K/k is (<) an d L is a Frobenius automorphisrn of p 
in K,/k. Note that 
Hence -we have 
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and (p - l)/(( p - 1)/2, p - 1) = 2. By [6, Theorem 3]l, we conclude 
that the p-local index of B equals 2. For any finite rational prime p’ other 
than p the p’-local index of B equals 1, because p’ is unramified in K/k. 
Since a cyclotomic algebra over k has the same invariant at the infinite primes 
of k and the class fin(a) is in S(k), we conclude that the class Q(p) belongs 
to S(R), as desired. 
Finally, suppose thatfis even, pf i2 + - 1 (mod z) andpfi2 + &l (mod 2a). 
Then 3 G a. Since ( pfj2)2 = 1 (mod 2”) and the only integers of order 
2 (mod 2”) are -&l (mod 2”) and +52u-3 (mod 2”), we have pfi2 G *52”-3 
(mod 2”). Let K, t, and L be as before. Set h,,, = &a , h,,, = &$, h, = [i$1)‘2, 
and h, = 1. Then these elements satisfy [IO, (1.9)-(1.12)], and so give rise to 
a cyclotomic algebra over k: 
Let p be any prime of k dividing p. Since f is even and pfiz + - 1 (mod n), 
p splits in Q([,)/k. H encef equals the residue class degree of p in k/Q and p 
is totally ramified in KP/kp with Y(KP/kJ = (E). Now 6 = uF-“-’ = l$~‘-~)‘~ = 
<$-, , where ZI = (p - l)( pf - 1)/2”+l. Since pfi2 = &520-3 (mod 2”), 
pf - 1 is exactly divisible by 2a, and sop - 1 does not divide v. Hence by 
[6, Theorem 31, the p-index of B equals 2. Recall that g (respectively, g’) 
denotes the number of the primes of Q(&‘,) (respectively, k) dividing p. Since 
a 2 3, it follows that 4 1 g, and so 2 1 g’. By the same argument as before, 
we conclude that the class a(p) is in S(k). 
Conversely, let B be a cyclotomic algebra over k. We will prove that, if p 
is as in the theorem, then B has p-local invariant 0. By [lo, Corollary 1.41 
we may assume that B is of the form: B = (a, K/k), K = Q([& and m = 
p,p, .‘.p,, where pi (; = 1, 2 ,..., s) are primes with (pi , n) = 1. We may 
also assume ~(0, T) E Pi = (J&) for (T, 7 E g(K/k), because the index of B 
divides 2. Let ~(K/Q(~,,,,. )) = G>, i$ = C:e (fi E z), WWL)) = (L), 
&L = i$. Then ti is a irimitive root modulo pi . If p( f co) is not in 
i PI , P2 Ye..> p,}, then the p-local invariant of B is 0, because p is unramified 
in K/k. Let p be any one of {p, , p, ,..., p,}, say p = p, , such that f is even, 
pfj2 + -1 (mod n) and pfi12 z h-1 (mod 2”). Then p splits in Q([,)/k and 
the residue class degree of p in k/Q is f. The inertia group of p in K/k is 
<tl). Let pf E $9 (mod p,) (0 G Xj < pj - 1; j = 2 ,..., s). Then nf=, 62 is 
1 References 1-9 will be found with Part I of this paper, in this same issue of 
J. Algebra. 
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a Frobenius automorphism of p in K/k, and 2 / hj , because 2 j f. 
we may assume that B is of the form: 
where cj I L$ , and d are some integers. (Of course, has other defining 
relations, which are unnecessary for computation of the p-loca! index.) By 
[IO, (1.9)-(1.12)] we have 
Hence 2a-1 j cj and d = +( p - 1)/2 + .z~~-I for some z E Z, and so 
up;. = u;.up . 3 3 I Thus ug, commutes with ~2; ... u$, and 
8-l _ --d1(9-1) /2+z2a-1 
UC1 - 52, = s;i, 1 
where 21 = -dr( p - l)( pi - l>/Za+r + z( pr - 1)/2. Aspf/z = &I (mod 2”), 
it follows that 2a+1 1 pf - 1, and so p - 1 j YJ. Hence from [6, Theorem 31 we 
conclude that the p-local index of B equals 1. This completes the proof of 
Theorem 1. 
%EQREM I’. Let n be an odd integer divisible by at least two distinct pritizes. 
Let k = Q(& + i$). Then the elements of S(k) are those classes of R(k) which 
have unifoormly distributed invariants with values 0 OY Ij2 such that the p-local 
invariant is 0 whenever p / n, and whenever p f n, f is even and pf i2 + - I 
(mod n), where f is the smallest positive integer such that pf = 1 (mod TI.). 
Prooj. From the same argument as in the proof ‘of Theorem I it follows 
that 9( co) E S(k) and that, if p Y n andf is odd, or if p is odd, p +’ n, f is even 
and pfjz = -1 (mod n), then 2 1 g’ and Q(p) E S(k), where, as before, 
g’ = gg’ denotes the number of the primes of 15 dividing p. Let p = 2 and 
suppose f is even and 21/a = -1 (mod PZ). Then 2 1 g’. Set K = Q(<, , 5,). 
Then K = Q(1;,> . W,) and Q(L) n k(S,) = k. Let g(-pi’i 
5.8 = 5~~ and 3(KIk(L)) = CL>, 5,” = &I”. Set h,,, = C4, h,,, = Sii’p 
kz, = ta , and h, = 1. These elements satisfy [lo, (1.9)-(!.12)] and so give 
rise to a cyclotomic algebra B over k: 
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Since u,((l - &) UJ = (1 - [il) ~~lu,up = ((1 - &) u,) u, , we have 
because (( 1 - &) zcJ2 = (1 - {J2[, = 2 and u,,~ = 1. Let p be any prime 
of k dividing 2. Then 2 is a prime element of k, and Q(f&)P/k, is unramified of 
degree 2. Hence the invariant of B at p equals l/2. By the same argument as 
before, we conclude the class G(2) belongs to S(k). Thus every class of Br(k) 
which satisfies the conditions of the theorem belongs to S(k). 
Conversely, let B be a cyclotomic algebra over k. We will prove that, if p 
is as in the theorem, then B has p-local invariant 0. By [IO, Corollary 1.41, 
we may assume that B is of the form: B = (01, K/k), K = Q(<,,) and 
m = 4p,p, ‘.‘p,, wherep, (; = 1,2,..., s) are odd primes with (pi, a) = 1, 
and 40, T> E ~(39~ = (L) f or 0,~ E I. Let ~(K/QG,d) = (P>, Lp = G1, ~(KlQ(inm,vi)> = <5i>, C5pe; = r;; (ti E z), WV(L)) = CL), 
5,” = 5;‘. Then ti is a primitive root modulo p, . By [IO, (1.5)] we may 
assume that B is of the form 
where cij , di , ai are some integers. If p ‘I m, then the p-local invariant is 0, 
for p is unramified in K/k. Let p be any one of { p, , p, ,..., p,}, say p = p, , 
such that f is even and pf12 + - 1 (mod n). Then p splits in 8(&J/k and the 
residue class degree of p in k/Q is f. Let pf = t> (mod pj) (0 < hj < pj - 1; 
j = 2, 3,..., s). As 2 j f, it follows that 2 1 hj , pf = 1 (mod 4), I$-, @ is a 
Frobenius automorphism of p in K/k and ([r) is the inertia group of p in K/k. 
From [lo, (1.9)-(1.12)] it follows that 
(Qy-1 (p)‘l-l @)%-1 = &% = 1, (j # 0, 
(gl>"-1 = (gl)1+4+...+f~-2 = #YY("-1) = g2a1, 
and SO 2 / clj and a, = -dl( p - 1)/2 + 22 for some x E 2. Hence u~~u~~ = 
u;i%l > and so u 61 commutes with ~“2 ... u’s We have $2 5s . 
V-l _ -d~(P-l)/2+22 
% - 54 = gL1 9 
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where v = -dr( p - l)(pf - 1)/S + x( pf - 1j/2. As 2 j f, it foollows that 
p - 1 1 v. Hence by [6, Theorem 31 thep-local index of B equals I. 
Finally consider the case p = 2, and suppose that J: is even and 2f!' + - i 
(mod a). Let p be any prime of k dividing 2. Let 2f = $7 (mod pi). Then 
2 / hi ) 37 = ni=, & is a Frobenius automorphism of p in K/k: (p) is the 
inertia group of p in K/k, and &T(Kp/k,) = (p) x (17). T;L’e see easily that 
8>r $3 - ‘j$,~fco K%piv~, where nn = u&k I.. 21-2~ and A is the order 
of 7. Denote by E (respectively, L) the subfield of 33 over k, which corre- 
sponds to (p) (respectively, (7)) in the sense of Calois theory, i.e., the fixed 
field of (p) (respectively, (7)). From (1) it follows that u u2 = (-I)“$ U, ) 
and so upvn = u,(u~ ..’ z+) = (- lj’v,u, , where Y = ~1;16il&2(2 i Xi). if T 
is odd (respectively, even), set w,, = -2&v, (respectively, W, = v,). Then 
.wq commutes with u, , so we have 
By [lo; (I.Sj], we have (a,“)” = u,“(c&K)~ = (&)), and so u,” = fl. Yote 
that N. n,,o,W = 1, b ecause 2 1 J = [kp : Q.J. The index of the cyclic 
algebra (+I, L/k, , pj equals the order of the local norm residue symbol 
(I 1) L/k,) = (N~cp,o,( &l), L/t&) = (1, L/Q!,), which is 1_ Since wnh E &Kjz -= 
(ZJ and E/k, is unramified, the index of the second cyclic algebra equals 1. 
Thus the p-index of B equals 1, as desired. 
2. S(k) FOR k = ~J((qq’)~i~), q, q’ f 3(mod 4) 
Let k be a real quadratic field over Q. If a rational prime p sphts in k then 
the class G( p) of %r(k) IS induced from an element of S(Q) and so belongs to 
S(k). In particular, Q(co) E S(k). If E is a class of Br(k) which has uniformly 
distributed invariants with values 0 or l/2, then for a rational prime p, 
inv, E denotes the p-local invariant of 8. Note that every cyclotomic algebra 
over k has uniformly distributed invariants with values 0 or B/2. Ifp( # 2) an 
p’ are prime numbers, then (p’/p) denotes the Eegendre symbol. 
THEOREM 2. Let q and q’ be prime laumbers such that q E 1 (mod 4) alzd 
that q’ = 2 OY q’ = 1 (mod 4). Let k = Q((qq’)“!“). Thm the Schw szebgroup 
S(k) consists of the classes of %r(k) zlihich have ~n~o?,~ly distributed ~~va~~a~ts 
with v&es 0 07 l/2. 
481/27/3-I’ 
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Proof. Let p and p’ be rational primes which do not split in k/Q. Denote 
by 52( p, p’) the class of Br(k) which has uniformly distributed invariants with 
values 0 or l/2 such that inv, sZ( p, p’) = inv,, G( p, p’) = l/2 and 
inv, JJ( p, p’) = 0 f or any rational prime y other than p and p’. It is easily 
verified that the theorem is proved, if the class G(p, 4’) belongs to S(k) and 
for every prime p inertial in k/Q, at least one of the classes G’( p, q) and 
J2( p, q’) belongs to S(k). F or each rational prime p other than q, q’ and co 
we will construct a cyclotomic algebra B, over k with inv, B, = 0 for any 
rational prime y( # p) inertial in k/Q. It turns out that if (q/p) = (q’/p) = - 1 
(there are infinitely many such p) then p splits in k/Q and inv, B, = l/2. 
By Hasse’s sum theorem we have inv,, B, = l/2. Since for any rational 
prime I which splits in k/Q, the class G(Z) is in S(k), it follows that the class 
fi(q, q’) belongs to S(k). It also turns out that, if p is inertial in k/Q, then 
inv, B, = l/2, and so by Hasse’s sum theorem we have either inv,B, = l/2, 
inv,, B, = 0 or inv, B, = 0, inv,, B, = l/2. E-Pence at least one of the classes 
Q( p, q) and C?( p, q’) belongs to S(k), and the proof of the theorem will be 
completed. We will deal with the cases k = Q((2q)1/2) and k = Q((qq’)l’“), 
q’ = 1 (mod 4) separately. 
(I) k = Q((2q)‘i2), q = 1 (mod 4) 
Let p be a prime number other than 2 and q. Set K = Q(& , 5,). Then 
.K = Q(&,) . k([,) and Q(&J n k(&,) = k. Let Y (respectively, t) be a 
primitive root modulo q (respectively, module p). It is easily verified that 
WWL)) = (#> x (6) and Y(K/Q(&,)) = (f), where #, L, and 5 are 
automorphisms defined by 5,” = i$‘, {s* = &5, &,L = 5, , 5s~ = [;I, <sP = &,t, 
(e-l = ~~ = fp-l = 1). Set h,,, = 5s , h,,, = i$, h*,< = & , h,,, = i$, 
h,, = h, * = 1, h, = [ip--1”2, h, - h, = 1. Then these elements satisfy 
[IO: (1.9)-( 1.12)] and so give rise to a cyclotomic algebra B, over k: 
D--Pn-2 1 
For any rational prime y( f p) inertial in k/Q, the y-local invariant of B, is 0, 
because y is unramified in K/k. 
Let p be a prime such that (2/p) = (q/p) = - 1 (there are infinitely many 
such p that satisfy this condition). Then p splits in k/Q, because (2q/p) = 1. 
The inertia group of q in K/k is (Q). If q = tA (modp), then 2 ‘I A. If 
q = l(mod 8) (respectively, q = S(mod S)), then EA (respectively, $8) is a 
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Frobenius automorphism of q in K/k, utizzlgA = (--1)h~~~t~~~ = --ueAuhz 
(respectively, u~~(~A&~) = --(u&~) ati”) and (~$~)(a-~)/~ = 1 e We have 
C--l) - 
(is 1)/2)/b-l) = &l/4 an(j 
((4 - 1)/2)/((q - 1)/4 (q - l)i2) = 2” 
It follows from [6, Theorem 31 that the q-local index of B, equals 2, as desired. 
If p is inertial in k/Q then (2q/p) = -1, and so either (2/p) = -1, 
(q/p) = (p/q) = 1 or (2/p) = 1, (q/p) = (p/q) = -- 1. Let p = r”(mod 4)~ 
Then we have (-1)” = -(2/p). The residue class degree of p in k!Q is 2, 
pa = 1 (mod 8) and z/*” is a Frobenius automorphism ofp in K/k. The inertia 
group of p in K/R is (f). It foliows from (2) that u&’ = (- 1)” U~U, and 
f,$-’ = <Lp-1)i2e We have 
((~~)v)(v-l)l~Pz-~) $?a/2 = 5" 
pz-1 ) 
where w = (v + (p” - l)/S)( p - l)/2. Since (2/p) = (-l)(p2Pr)/8 and 
(--l)u = -(2/p), it follows that (-l)v+(p2-P)l* = -(2/$)(2/p) = --I, so 
v + (pa - I)/8 is odd. Hence (p - l)/(w, p - 1) = 2. By 16, Theorem 31 the 
p-local index of B, equals 2, as desired. 
(II) R = Q((qq’)lj2), q, q’ = 1 (mod 4) 
Let Y (respectively, S) be a primitive root module q (respectively, modulo y’). 
Then ~&?(5,,~j/Q> = (9) x (*>, 52 = 5,“, igr = 5,~ , 5,* = 1;, , l$ = 1;“,# ~ 
We may assume that the 2-part of q - I is greater than or equal to that of 
q’ - 1. Let 
q _ 1 = 2”pP .,- *p&l *.. ($1, 
q’ _ 1 = 2”Tp,“1j . . . *(gqfl’ . . . q;z’, 
where pi (i = l,..., h) and qf (j = l,..., I) are distinct odd primes dividing 
(q - I)(q’ - I), and a >, a’, a, > ai’ and bj < bj’. For simplicity, set 
P ===pz”l . ..pp.h,p’ =pl”l, . . . pp’, Q = q$ . . q!t, and Q’ = qi~’ . . a:~‘. 
Put m = 2”PQ and d = 2”‘P’Q. Th en md = (q - l)(q’ - I) = 9(Q(&,,)/Q) 
and m (respectively, d) is the LCM (respectively, GCD) of q - I and q’ - L I 
Set p = ~~~~+o’. It is easy to see that the order of ~4 (respectively, p) is m 
(respectively, d) and that (P#J) n (p) = 1, so g(Q(&,,)/Q) = (y+) x (p), 
Set 0 = ~Z/I and T = p2. Then (0) n (T) = I and ](o> >: (T)I = m&2 = 
Y(Q(!,,~)/kj. As p), @, #“E 9(Q(C,,,)/R), it follows that Y(Q(t&,j/k) = 
(u) x (T) and 
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Let p (5 4, 2’) be an odd prime. Set K = Q([,,, , &,). Then K = 
QGd) . &,), Q&d) n W,) = 4 ~W/k) = (0 x <u> x CT), ~W/Qc&)) = 
(l), 3(&7/R(&)) = (u) x (r), [,c = 52, t is a primitive root modulo p, 
and o and r are defined by (3). Set h,,, = h,,, = -1, h,,, = h,,, = h,,, = 
h,,, = h, = h, = h, = 1. These elements satisfy the relations [lo, (1.9)- 
(1.12)] and give rise to a cyclotomic algebra B, over K: 
If y (f p) is a rational prime inertial in k/Q, then the y-local invariant of B, 
is 0, for y is unramified in K/k. 
Suppose p satisfies the condition (q/p) = (a’/~) = - 1 (there are infinitely 
many such p). Then p splits in k/Q, because (4$/p) = 1. Consider the follow- 
ing simultaneous congruences with variables X and Y: 
x + 2a+lPY E 2 (mod q - 11, 
X+2Q’YsO (mod 4’ - 1). 
(4) 
It is easy to see that there exists a unique solution X = x (mod m), Y = 
y(mod d/2) of (4) and that 2 Y y. Then, [“,“” = cl;“, i$? = i&j , i$“,“‘” = 5, , 
and so (o%“) is the inertia group of 4 in K/k of order (Q - 1)/2. Let q = sv 
(mod q’), 4 = TV (modp). Then <,, &?J = p, ) p’“” = &,q, and so avt@ is a 
Frobenius automorphism of q in K/k. As (q/p) = - 1, it follows that 2 7 p. 
Now we have (u,%,Y)(~,~u~~) = (- l~(u,%$‘)(u,%~~) = -(~,~u~~)(u,%,B) 
and (u,%,y)(q-1)/2 = 1. Since 
(-l)“n-l’/z,l(Q-l) = ,$y)/4 and ((4 - 1)/2M - I)141 (4 - 1)/2) = 2, 
it follows from [6, Theorem 33 that the q-local index of B, equals 2, as desired. 
Suppose next that p is inertial in k/Q, i.e., (qq’/p) = -1. Then either 
(4/P) = (P/d = -1, (d/P) = (P/4’) = 1, or (P/d = 1, (PM) = -1. 
Let p = ye (mod 4) and p = sc’ (mod 2’). Then c - c’ is odd. Let X = x 
(mod m) and Y = y (mod d/2) be the solution of the following simultaneous 
congruences : 
x f 2aflPY 3 2c (mod q - 11, 
X + 2Q’Y 3 26’ (mod 4’ - 1). 
(5) 
Then [“,ry = [L’“O = i$ and cy = pg’,’ = $‘, and so ox+ is a Frobenius 
automorphism of p in K/k. The inertia group of p in K/k is (5). As c - c’ 
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is odd, it follows from (5) that y is odd. Now u~(u,~:u,~‘) = (- 
-(u,%,~) ug , and z$-’ = 1. Since 
(- l)wlo~-l) = py/2 
9 1 
and (p - I)/(@ - n>p,p - 1) = 2, 
it follows from [6, Theorem 31 that thep-local index of B, eq,uals 2, as desired. 
Finally, consider the prime 2. Set K = Q(i&, , c,). Then K = Q(<,,,) . k(Q, 
!Z,,,) nW2 =k WW) = (0 x (0) x CT>, ~(WZk!) = (0, 52 = ia13 
9(K/k([,)) = (u) x (T), a and 7 are defined by (3). Smet he,,, = Se , la,,, = <al; 
h,,, = h,,, = h,,, = h,,, = 1, h, = %,“I”, h, = h, = 1. These eleme 
satisfy the relations [lo, (1.9)-(1.12)] and g ive rise to a cyclotomic algebra 
over k: 
1 m-1 d/2-1 
B, = (E, K/k) = c c c Ku&,%,~, 
i&l jdl h=C 
Hf y ( f 2) is a rational prime inertial in k/Q, then the y-local invariant of B, 
is 0. 
Suppose that 2 is inertial in k/Q. Then qq’ = 5 (mod 8). Since we are 
assuming that the 2-part of q - 1 is greater than or equal to that of 4’ - 9, 
we have q = 1 (mod 8) and q’ = 5 (mod 8). Hence, if 2 = yc (mod q) and 
2 = SC’ (mod q’), then c is even and C’ is odd, and so c - c’ is odd. For these c 
andc’,letX=x(modm), Y=y( mod d/2) be the solution of (5). Then 
<r’” = [“,” and [’ = [‘f , so uw is a Frobenius automorphism of 2 in K/k. 
The inertia group of 2 in K/k is (0. A s c - E’ is odd, it follows from (5) 
that y is odd. Let F be the prime of k dividing 2 and Pet J be the residue 
class degree of p in K/k. Since c’ is odd, the residue class degree of 2 in K/Q 
is divisible by 4, and so f is even. Set 7 = ax+ and vuq = u,%,~. Then 
g(KPIQ = (0 x (7) and 
1 f-1 
As y is odd, it follows that c4Y is a primitive 4-tb root of unity and that 
uc(( 1 - 52) v,) = (1 - 54”) u$4,“u,?J = (1 - 52) u,“u,yzkg = ((1 - s4y)v,)u, . 
Let L be the subfield of KT over k, which is the fixed field of (IS>- Set 
E = ,Q(&,,)P. Then we have 
1 f-l 
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Now we have (1 - i$“)f~,l = (( 1 - 5‘#)f/2(21,“&9f Z y/y- l)f/“(y”*~f = 
2f i2, because 2 / f, zz’ = 1 and uyf = (~f’~)svfld = (Z;z’4)s~fld = (ifi2. Hence 
we have 
B, Olc k, - Pf”, E/k, > 7). 
Since E/k, is unramified of degree f and 2 is a prime element of k, , it follows 
that the Hasse invariant of B, at p equals l/2, as desired. 
3. S(k) FOR k = Q((qq’)l12), q = 3(mod 4) 
THEOREM 3. Let q and q’ be distinct prime numbers such that q z 3 (mod 4). 
Let k = Q((qq’)‘/“). Then S(k) consists of the classes of Br(k) which have 
uniformly distributed invariants with values 0 OY l/2 such that the p-local 
invariant is 0 whenever p does not split in k. 
Proof. It is enough to prove that, if p is inertial or ramified in k/Q, then 
a cyclotomic algebra over k has p-local index 1. If B = (& k([)/k) is a cyclo- 
tomic algebra over k, we may always assume that the values of b are in 
p(k(<)), , the Sylow 2-subgroup of the group p(k([)) of roots of unity in k(c), 
because k is real and so the index of B divides 2. We will deal with the cases 
q’ = 2, q’ = 1 (mod 4), and q’ = 3 (mod 4) separately. 
(1) k = QGWz) 
Let r be a primitive root modulo q. It is easy to see that the Galois group 
9(Q(&‘,,)/k) = ((T) x (7),04-l = 72 = 1, where 0 and +r are automorphism of 
Q(&,) over k defined by 
By [lo, Corollary 1.41 we may assume that a cyclotomic algebra B over k is 
of the form: B = (/3, K/k), K = Q(cggm), m = p,p, . ..p. , pi (i = I,2 ,..., s) 
is a prime with (pi , 2q) = 1, and the values of p are in (5s) = Ye . Let ti 
be a primitive root modp, (i = 1,2,..., s). Then 
g(W) = (u> x <T> x fi <&h 
i=l 
where CJ and 7 are defined by (6) together with rPt = rP, = &,, , and 
6% = Sk, S$&,pi = <sarnlPi (i = 1, 2,..., s). If y is a prime number with 
( y, 2qm) = 1, then the y-local invariant of B is 0. Let p be any one of 
{PI 9 P2 >..-> p,} which is inertial in k/Q, say p = p, . We will show that B 
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has p-local index 1. By [lo, (1.3)-(1..5)] we may assume that B is of the 
form: 
with relations 
where a, a’, b, , and c are some integers. (Of course, has other defining 
relations.) Then from the relations [lo, (1.9)-(1.12)] we easily conclude that 
4 1 a, bi; 2 / a’, c; c/2 = a’( p - 1)/4(mod 2). Hence ZQ, commutes with uD2 
and UI and uFj-’ = &,,, z~f-1)‘2+2z’ for some z, z’ E Z. Let p = P’ (m 
p = tii (mod pi) (i # 1). Note p2 = 1 (mod 8). It fiollows that g2V 
is a Frobenius automorphism ofp in K/k and tie1 commutes with uzu 
We have z$-’ = Qp-1)‘2+2z’ = [iz-, , where v = z( p - I)(p” - 1)/g + 
x’( p” - 1)/2. Since v is divisible by p - 1, it follows from [6, 
that the p-local index of B is 1, as requested. The q-local index o 
because by [6, Theorem l] it divides (4 - 1)/Z, which is od 
sum theorem, the 2-local invariant of B is 0. 
(II) k = Q((qq’)l/“), q = 3(mod 4) and q’ = I (mod 4) 
k is a subfield of Q(&). It is easy to see that Y(Q(&,,,)/k) = (0) x (T)$ 
where Y (respectively, Y’) is a primitive root mod q (respectively, mod 4’). 
[lo, Corollary 1.41 we may assume that a cyclotomic algebra B over .k is 
the form: B = (/I, K/k), K = Q(i&), M = 4qq’m, m = p,p, ... p, ) p, 
(i = 1, 2,..., s) are distinct primes with ( pi ) 2qg’) = 1, and the values of p 
are in (5,) = Pi . Let ti be a primitive root modp, . Then g(K/k) = 
(c) x (T) x ni=, (&): where c and r are defined by ($) with [,o = lVfir = 
5 and [t< = [2. , i$,,l,. = [MM/P, (i = 1, Z?,..., s). If y is 
v%h ( y, M) = 1, ‘then the y-local*invariant of B is 0. By [I 
may assume that B is of the form given by (7) with relations 
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where a, ai , b, , c~,~ E 2. It follows from (9) that uT2 commutes with u, and ug, . 
Let q’ = @(mod q), q’ = tp (mod pi). Let S = 0 (respectively, l), if 2 [X 
(respectively, 2 r h). Then i$’ = & = 5:‘. It follows that o%S I’& & is a 
Frobenius automorphism of q’ in K/K. The inertia group of q’ in K/k is (T”) 
and uT2 commutes with u~%,*u~; ... ~2. By [lo, (1.9)] we have ~9’~’ = 
(- 1)” = <py”2 fo r some x E 2. Nok, z, = x(q’ - 1)/2 is divisible by 
(q’ - I)/2 and so ((q’ - 1)/2)/(a, (q’ - 1)/2) = 1. Hence by [6, Theorem 31, 
B has q/-local index 1. 
Let p be any one of {p, , pa ,..., p,} inertial in K/Q, say p = p, . It follows 
from (9) and [lo, (1.12)] that up1 commutes with uW2, uT2, and uii . Let 
p = rn (mod q), p = (Y’)“’ (mod q’), and p = trc (mod pi) (i # 1). Then 
02nT2r 
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2Ps . . . f? is a Frobenius automorphism of p = p, in K/k and uE, 
commutes with u~“u~*‘u~~ ..’ up. Let u;t”-’ = cd2 (x E 2). Then by [lo, (1 .l l)] 
we have x = ai( p - 1)/2 (mod 2), and so, for some z’ E 2, 
wherev=a,(p-l)(p2-1)/8+(p2-l)~‘/2.As(p-l)/(v,p-l)=1, 
it follows from [6, Theorem 31 that the p-local index of B is 1. The q-local 
index of B is also 1, because it divides (q - 1)/2, which is odd. By Hasse’s 
sum theorem, the 2-local invariant of B is 0. 
(III) k = Q((qq’)l’“), q, q’ = 3(mod 4) 
Let q - 1 = 2~2 ...p?q$ ... qfz and q’ _ 1 = 2p,“l’ . ..p$‘q?’ ... qiz’, 
wherep, and qj are distinct odd primes dividing (q - l)(q’ - 1), and ai 3 a,‘, 
b, < bi’. Set P = p$ ... p:h andQ’ = 49’ ..* qiz’. Then by the same argument 
as in the case Q((qq’)l12), q, q’ = 1 (mod 4) (Section 2, (II)), we have 
~(QK+)lk) = (g> x CT)> 
where Y (respectively, Y’) is a primitive root mod q (respectively, mod q’). 
By [lo, Corollary 1.41 we may assume that a cyclotomic algebra over k is 
of the form: B = (/3, K/k), K = Q(cM), M = dqq’m, m = p,p, “.p,, 
pi (i = 1, 2,..., s) are distinct primes with (pi ,2qq’) = 1, and the values of p 
are in (c4). Let ti be a primitive root mod pi . Then 
where u and B are defined by (10) with c& = I& = am , and &’ = 5~~ 
c&n = Lim 9 and <$ = c$%, i$,,. = cMIP, . If y is a prime number with 
( y, M) = 1, then the y-local inviriant of “B is 0. Let p be any one of 
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(pr ,p, ?~..,p,) inertial in K/Q!, say p = p, a y [IO, (1.3)-(2.5)] we may 
assume that B is of the form: 
“.p, = S4a%1% 7 U@, = 54b%Uel 3 uQ.4p = 14cupzl~l p %pEi = S:%p& > 
where a, b, c, di E 2. Then it follows from [lo, (1.9)--(l.l2)] that 2 / a, di and 
4 / b, and so z+ commutes with uG2, u, and u;. . Let p z rA(mod 9) and 
p = (7’)“’ (m&q’). Let X = x, Y = y be a ‘solution of the foollowing 
simultaneous congruences with variables X and Y: 
x + 22PY f 2h (mod 4 - I), 
x+2Q1Y-2h (mod 4’ - I). 
Then, x is even, l”,“‘” = 1;:” and i$@ = C$ . Let p = t:i (mod pi) (zI # I), 
Then ox+ JJi=, [?I is a Frobenius automorphism of p in K/k, and tiE, 
commutes with u “u ~~~2 ... up. Let z$-~ = jqz, x e Z. Then it follows fro& 
[IO, (1.1 l)] that z’=*c(; - 1)/i (mod 2), and so @-” = [$P-1)/2i2” for some 
z’ E 2. By the same argument as before, we conclude that B hasp-local index 1 I 
The q-local and q’-local indices of B are both equal to 1, because 4, 4’ = 3 
(mod 4). Consequently, if 2 is inertial in k/Q, then, ‘by Hasse’s sum theorem, 
B has 2-local invariant 0. This completes the proof of Theorem 3. 
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